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 a b s t r a c t

The nuclear clustering, as a quantum phase transition phenomenon governed by strong interactions, exhibits 
characteristics that are highly sensitive to the specific features of nuclear forces. Here, we examine how nuclear 
deformation and tensor forces influence 𝛼-cluster formation in light nuclei. The axially deformed relativistic 
Hartree-Fock-Bogoliubov model is utilized to investigate the clustering structure of the 20Ne nucleus, at both 
the ground state and the excited state with a superdeformed prolate. The nuclear binding energies and the 
canonical single particle levels are obtained at different quadrupole deformation, and the role of tensor force 
embedded in the Fock diagram of 𝜋-pseudovector (𝜋-PV) coupling is revealed. While the deformation induces 
level splittings from the degenerate spherical orbits, the pion-exchanged tensor force provides an additional 
contribution that increases them in the prolate case. Correspondingly, the excitation energy in the superdeformed 
prolate state is reduced due to the noncentral tensor interaction, leading to a predicted value which is much closer 
to the referred threshold for the 2𝛼 decay mode of 20Ne. Possible 𝛼-clustering configurations in 20Ne are then 
characterized by examining the nucleonic localization function. Although the contribution to the ground state 
is relatively small, the density profile and nucleonic localization are significantly changed by the pion tensor 
force for the superdeformed prolate excited state, as further evidenced by characterising the level mixing in the 
spherical basis components. It is found that the pion tensor force, through its long-range attraction, counteracts 
cluster dissolution by balancing against Coulomb repulsion. Thus, the results reveal the extra role of the tensor 
force, correlated to the evolved single-particle levels with nuclear deformation, in the formation, localization 
and stability of nuclear clustering.

The phenomenon of clustering occurs widely in the universe, from 
macroscopic galaxies to microscopic atomic nuclei. As early as the 
1930s, Gamow and his colleagues suggested that 𝛼-conjugated nuclei 
such as 12C, 16O, and 20Ne are composed of 𝛼 particles [1]. With the ad-
vancement of experimental techniques, the phenomenon of nuclear clus-
tering has been observed in both light and heavy nuclei [2–8]. Clustering 
phenomena typically emerge in deformed nuclear configurations [7], 
manifesting as excited states positioned near their corresponding de-
cay thresholds [9]. Although the mechanism of nuclear clustering is not 
yet fully understood, its origin is fundamentally tied to nuclear interac-
tions. The emergence of clustering can be regarded as a quantum phase 
transition [10,11], which is potentially sensitive to the precise nucleon-
nucleon interaction. Therefore, the study of clustering phenomena holds 
significance for the research of nuclear interactions.

The 20Ne nucleus exhibits significant intrinsic deformation and clear 
spatial localization in its density distributions [12–17]. These stud-
ies have provided valuable insights into the underlying mechanisms 
and phenomena associated with nuclear clustering. According to Ikeda
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diagram, the 20Ne nucleus may possess an octupole-deformed 𝛼 + 16O 
structure around the excitation energy of 4.73 MeV approximately, and 
a quadrupole-deformed 𝛼 + 12C+𝛼 structure near 11.89 MeV [9]. In 
previous work, various theoretical models have been developed to pre-
dict the 𝛼-clustering phenomenon in 20Ne nuclei, including generator 
coordinate method [17], antisymmetrized molecular dynamics [18], no-
core shell model [19], and covariant density functional theory [10,20].

As one of the typical representatives of covariant density functional 
theory, the relativistic mean field (RMF) theory with only Hartree ap-
proximation efficiently explores nuclear structure across the nucleon 
chart [21–25], successfully reproducing 𝛼 clustering [10,26–28] and 
molecular states [29] in several nuclei. Compared to the RMF theory, 
the density dependent relativistic Hartree-Fock (RHF) theory [30,31] 
includes Fock terms that can explain important characteristics associ-
ated with 𝜋-pseudovector (𝜋-PV) and 𝜌-tensor couplings. The RHF the-
ory achieves a description of nuclear ground state properties at the same 
level as RMF theory. The inclusion of the Fock terms impacts signifi-
cantly key nuclear properties, such as the equation of state of nuclear 
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matter and neutron stars [32–34], hypernuclear physics [35–37], halo 
phenomenon [38–40], and new magicity [41,42]. Recently, the RHF 
theory has been extended to axially deformed nuclei with the help of 
the Dirac Woods-Saxon (DWS) basis, providing a useful tool to study 
the shape evolution of nucleus [43,44].

In the context of the RHF approach, the tensor force is introduced 
naturally through the Fock diagram of meson exchange picture [45–47]. 
As a crucial component of nuclear interactions, the tensor force has been 
revealed to play an important role in shell evolution [48–54], isospin 
excitations [55,56], 𝛽-decays [57–59] and symmetry energy [33,60]. 
In the RHF framework, tensor force mediated by 𝜋-PV critically affects 
the properties of spin-unsaturated nuclei [42,52,61,62]. When consid-
ering the 𝜋-PV coupling, the RHF model can improve the description 
of nuclear binding energies and potentially has a significant impact on 
nuclear shape evolution and polarization [40,43]. These findings un-
derscore the importance of further investigating 𝜋-PV coupling and its 
tensor force component in understanding the formation and evolution 
of clustered structures.

In this work, we employ the axially deformed symmetric relativistic 
Hartree-Fock-Bogoliubov (D-RHFB) model [44] to investigate the role 
of the tensor force in the clustering physics of 20Ne, examining both its 
ground state and the highly prolate deformed excited state. Our study 
is restricted to the reflection-symmetric configuration of 20Ne, specif-
ically the quadrupole-deformed 𝛼 + 12C+𝛼 structure. In contrast, the 
𝛼 + 16O configuration exhibits reflection-asymmetric octupole deforma-
tion in 20Ne. As intruder states of high angular momentum are essential 
for characterizing octupole deformation [63], incorporating these com-
plex effects would obscure the targeted investigation of 𝜋-PV coupling 
mechanisms. A comprehensive analysis of octupole deformation in 20Ne 
will be addressed in future studies. By isolating the tensor force contribu-
tions from 𝜋-PV coupling, we aim to extract its impact on the excitation 
energy and localization of 𝛼 clustering in the largely deformed state. Us-
ing nucleonic localized functions (NLF) [64], we will extract clustering 
information to explore how the tensor force influences nuclear structure 
evolution and clustering phenomena in 20Ne, providing deeper insights 
into the role of tensor force in shaping nuclear dynamics.

In D-RHFB model, the transition from spherical to axial symmetry 
breaks the conservation of the angular momentum 𝑗 of a single particle 
/ quasi-particle, while its projection 𝑚 remains a good quantum number. 
We then impose reflection symmetry about the 𝑧 = 0 plane, conserving 
parity 𝜋 for the states. Quasiparticle orbits are thus labeled by the index 
𝑖 = (𝜈, 𝜋, 𝑚), where 𝜈 enumerates states within each (𝜋, 𝑚) block. Us-
ing the spherical DWS basis 𝜓𝑎𝑚, the components of quasiparticle wave 
functions 𝜓𝑈  and 𝜓𝑉  can be expanded as

𝜓𝑈𝜈𝜋𝑚 =
∑

𝑎
𝐶𝑈𝑎,𝑖𝜓𝑎𝑚, 𝜓𝑉𝜈𝜋𝑚 =

∑

𝑎
𝐶𝑉𝑎,𝑖𝜓𝑎𝑚, (1)

where the coefficients 𝐶𝑈𝑎,𝑖 and 𝐶𝑉𝑎,𝑖 are real, the states 𝜓𝑎𝑚(𝑟, 𝜗, 𝜑) are 
marked by the index 𝑎 = (𝑛, 𝜅) and angular momentum projection 𝑚. 
Here 𝜅 = ±(𝑗 + 1∕2) with 𝑗 = 𝑙 ∓ 1∕2.

We choose the RHF Lagrangians PKO1 and PKO3 to address the ef-
fects of 𝜋-PV coupling on nuclear clustering [31,61]. For comparison, 
the RHF Lagrangian PKO2 without 𝜋-PV and the RMF Lagrangian PKDD 
without Fock terms [65] are selected as well. Convergence tests were 
conducted on the DWS basis expansion calculations to ensure accuracy 
under large deformations. The maximum value of magnetic quantum 
numbers 𝑚 is taken as 𝑚+

max = 13∕2 for positive parity, and 𝑚−
max = 15∕2

for negative parity. The number of 𝜅 blocks considered in expanding the 
Dirac spinor set as 𝐾𝑚max

= 4. The quadrupole deformation 𝛽 is defined 
as follows

𝛽 =

√

5𝜋𝑄2

3𝑅2
0𝐴

, 𝑄2 =
4
√

2𝜋
3 ∫ 𝜌2𝑏(𝑟)𝑟

4𝑑𝑟, (2)

where 𝜌𝑏 denotes the baryon density and 𝑅0 = 1.2𝐴1∕3 with 𝐴 the mass 
number. More details can be found in Ref. [43,44]. In the pairing

channel, we utilize the finite-range Gogny force D1S [66] as the pairing 
force, which naturally converges with the configuration space.

Quantitative extraction of tensor force component in the 𝜋-PV cou-
pling can be achieved by comparing two versions of RHF energy func-
tional, namely the full functional versus the one where the contribution 
from pion tensor force is removed. The removal procedure is imple-
mented after the convergence of a self-consistent iterative calculation. 
Specifically, we take one more step to subtract the pion tensor contri-
bution from the mean field, which is obtained by taking the expectation 
value of the Hamiltonian 𝐻𝑇

𝜋−𝑃𝑉  with respect to the Bogoliubov ground 
state

𝐻𝑇
𝜋−𝑃𝑉 = −1

2 ∬ 𝑑r𝑑r′
[

𝑓𝜋
𝑚𝜋
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]

1
⋅
[

𝑓𝜋
𝑚𝜋

𝜓̄𝛾0Σ𝜈𝜏𝜓
]

2
𝐷𝑇 , 𝜇𝜈
𝜋−𝑃𝑉 (1, 2),

(3)

where 𝐷𝑇 , 𝜇𝜈
𝜋−𝑃𝑉 (1, 2) represents the propagator, Σ𝜇 = (𝛾5,Σ) is the rela-

tivistic spin operator, and 𝜏 denotes the isospin operator of the nucleon 
Dirac spinor field 𝜓 [45]. By introducing the annihilation and creation 
operators of the Bogoliubov quasiparticles 𝛽𝑘 and 𝛽†𝑘 , the nucleon field 
𝜓 can be expanded as
𝜓 =

∑

𝑘

(

𝜓𝑈
𝑘̄
(r)𝑒−𝑖𝜀𝑘𝑡𝛽𝑘 + 𝜓𝑉𝑘 (r)𝑒+𝑖𝜀𝑘𝑡𝛽†𝑘

)

, (4)

where 𝑘 denotes the Bogoliubov quasiparticle states with the energy 
𝜀𝑘, and 𝑘̄ corresponds to their time-reversal partners. Eq.  (3) can be 
reduced to the nonrelativistic form of pion tensor force equivalently, 
see Ref. [47] for more details.

To probe possible clustering information within atomic nuclei, it is 
necessary to employ tools such as the nucleon localization function [64]. 
The key ingredient of the NLF is the leading term 𝑍𝑞𝜎 (r) of the Taylor 
expansion of the same-spin (𝜎) and same-isospin (𝑞) conditional pair 
probability

𝑍𝑞𝜎 (r) ≡ 𝜏𝑞𝜎 (r)𝜌𝑞𝜎 (r) −
1
4
[

𝛁𝜌𝑞𝜎 (r)
]2 − j 2

𝑞𝜎 (r), (5)

where 𝜌𝑞𝜎 , 𝜏𝑞𝜎 , 𝛁𝜌𝑞𝜎  and j𝑞𝜎 are the nucleon density, kinetic energy 
density, density gradient and current density. In the present case with 
static and time-reversal symmetry, the current density j𝑞𝜎 vanishes. In 
D-RHFB model, then the rest of these quantities can be calculated by the 
canonical single-particle wave functions 𝜓𝜈𝜋𝑚,𝜎 [44]. After normalized 
by 𝜏TF𝑞𝜎 𝜌𝑞𝜎 , with 𝜏TF𝑞𝜎  denoting the Thomas-Fermi kinetic energy density

𝜏TF𝑞𝜎 = 3
5
(6𝜋2)2∕3𝜌5∕3𝑞𝜎 ≡ 𝜌5∕3𝑞𝜎 ∕𝑎, (6)

the NLF is then given by

𝐶𝑞𝜎 (r) =
⎡

⎢

⎢

⎣

1 +

(

𝑎𝑍𝑞𝜎 (r)

𝜌8∕3𝑞𝜎 (r)

)2
⎤

⎥

⎥

⎦

−1

. (7)

When the conditional pair probability is low, indicating a high degree 
of nucleon localization at a specific position, the values 𝑍𝑞𝜎 (𝑟) = 0 and 
𝐶𝑞𝜎 (𝑟) = 1 are observed. In particular, in a nucleus where the neutron 
number equals to the proton number (𝑁 = 𝑍), 𝐶𝑞𝜎 (𝑟) = 1 signifies a 
complete spatial overlap among the four possible nucleonic states de-
fined by their isospin and spin configurations: (𝑞𝜎) = (𝑛 ↑, 𝑛 ↓, 𝑝 ↑, 𝑝 ↓). 
This scenario is termed as a pure four-nucleon spatial overlap, taken as 
a necessary condition of 𝛼 clustering inside a nucleus.

In order to predict the existence of 𝛼 clusters in atomic nuclei, a ge-
ometric condition beyond the NLF should also be introduced. The loca-
tion where 𝛼 clusters appear should exhibit a rapid decrease in density 
on the typical scale of 𝛼 particles. Therefore, one could introduce the 
featured 𝐹  factor [27],

𝐹 (r) =
𝜌max − 𝜌(r)

𝜌max
, (8)

where 𝜌max denotes the peak density within the nucleus. A value of 𝐹 (r)
near one signifies a significant reduction in density, pointing to a de-
pletion zone. Thus, it is anticipated that 𝐹  factor will be near one at 
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Table 1 
Contributions to the total energy 𝐸𝑡𝑜𝑡 from various channels for both ground state (G.S.) and excited state (E.S.) of 20Ne, 
calculated by the D-RHFB model with Lagrangians PKO1, PKO2, PKO3 and PKDD. In detail, 𝐸𝑘 denotes the kinetic 
energy of nucleons, 𝐸𝐷 and 𝐸𝐸 are Hartree and Fock terms of the meson-exchange potential, and 𝐸other includes those 
from the photon field, the pairing energy and the center-of-mass correction. All units are in MeV.

 PKO1  PKO2  PKO3  PKDD
 E.S.  G.S.  E.S.  G.S.  E.S.  G.S.  E.S.  G.S. 

𝐸𝑡𝑜𝑡 −144.411 −159.418 −134.189 −155.527 −142.943 −159.269 −131.745 −156.268
𝐸𝑘 318.274 276.712 315.673 282.835 316.170 276.289 297.052 264.013
𝐸𝐷 𝜎-S −2049.490 −2015.911 −1970.838 −1998.279 −2022.919 −1986.927 −2603.636 −2687.157

𝜔-V 1512.385 1486.855 1416.716 1441.317 1488.997 1463.146 2164.100 2252.515
𝜌-V 0.005 0.005 0.007 0.005 0.004 0.005 0.020 0.022

𝐸𝐸 𝜎-S 467.182 459.647 448.883 454.843 461.172 453.013  –  – 
𝜔-V −325.363 −309.870 −305.352 −299.785 −321.302 −305.673  –  – 
𝜌-V −50.384 −47.830 −45.970 −46.844 −40.950 −41.807  –  – 
𝜋-PV −23.929 −19.217  –  – −31.095 −27.482  –  – 

𝐸other 6.910 10.191 6.696 10.362 6.982 10.167 10.719 14.342

Fig. 1. Binding energies as a function of the quadrupole deformation 𝛽 for 20Ne. 
The results are calculated by the D-RHFB model with Lagrangians PKO1, PKO2, 
PKO3 and PKDD. The circles represent the ground state (G.S.) of 20Ne, while the 
triangles denote the excited state (E.S.). The experimental binding energy 𝐸exp.

𝐵
for the ground state of 20Ne is taken from Ref. [67], and the referred threshold 
for the two-alpha decay mode of 20Ne is shown by the dashed line [9]. For 
comparison, the result with PKO1 but excluding tensor force component of 𝜋-
PV contributions from the nucleon self-energy (according to Eq. 3) is given by 
the dash-dotted line as well.

the boundaries of the 𝛼 cluster, marking the areas where the density 
experiences a sharp decline.

We first examine the ground state (G.S.) properties of 20Ne. Fig. 1 
displays the binding energies (𝐸𝐵 = −𝐸𝑡𝑜𝑡, in MeV) as a function of 
quadrupole deformation parameter 𝛽 calculated with the Lagrangians 
PKO𝑖 and PKDD. The ground state of 20Ne exhibits a quadrupole defor-
mation of 𝛽 ≈ 0.55, where the PKO1 and PKO3 functionals predict bind-
ing energies consistent with experimental data [67]. Notably, PKO2 and 
PKDD show an 𝐸𝐵 deficit of approximately 4 MeV compared to PKO1. 
A secondary minimum emerges at 𝛽 ≈ 2.05, corresponding to a largely 
deformed prolate configuration identified as an excited state (E.S.). At 
this state, significant discrepancies in 𝐸𝐵 are observed among the func-
tionals. PKO1 gives the highest 𝐸𝐵 (144.4 MeV) while PKDD yields the 
lowest (131.7 MeV), indicating a 12.7 MeV energy difference. As PKO1 
include extra pion-exchanged contribution from the Fock diagram, the 
disparity then suggests an essential role of 𝜋-PV coupling in the nuclear 
stability at large deformation. Furthermore, the PKO1 result approaches 
the theoretically predicted 2𝛼-cluster decay threshold of 11.89 MeV [9], 
implying the appearance of two distinct 𝛼 clustering structures.

To elucidate the reasons for binding energy differences under var-
ious energy functionals, Table 1 summarizes the contributions of dif-
ferent meson-nucleon couplings to the 𝐸𝑡𝑜𝑡 within the meson-exchange 
picture. We could define the excitation energy of an excited state as 
Δ𝐸 ≡ 𝐸E.S.

𝑡𝑜𝑡 − 𝐸G.S.
𝑡𝑜𝑡 . It is checked that in RHF cases not only the isoscalar 

Fig. 2. Neutron canonical single particle energies 𝐸(𝑚𝜋𝜈 ) for both G.S. and E.S. 
of 20Ne, calculated by the D-RHFB model with Lagrangians PKO1, PKO2 and 
PKDD. The positive(negative) parity levels are plotted by the red(blue) bars, 
respectively. For PKO1, the shadowed area illustrate the contribution due to 
extra tensor force of 𝜋-PV coupling in Fock terms.

Fock term (including 𝐸𝐸 of 𝜎-S and 𝜔-V) but also the isovector one 
(𝐸𝐸 of 𝜌-V and 𝜋-PV, particularly via 𝜋-PV coupling) reduces the value 
of Δ𝐸. This ultimately results in significantly lower total energies for 
PKO1 and PKO3 compared to other energy functionals, highlighting the 
role of 𝜋-PV coupling in affecting the stability of nuclei.

The influence of 𝜋-PV coupling extends to single-particle spectra, 
as evidenced in Fig. 2 displaying neutron 𝐸(𝑚𝜋𝜈 ) levels for PKO1, PKO2, 
and PKDD at ground/excited states (with analogous proton spectra omit-
ted due to similar trends), where PKO3 behavior aligns with PKO1 and 
is thus excluded. The notation 𝑚𝜋𝜈  is introduced to denote the single-
particle orbits, where 𝜈 represents the principal quantum number, 𝑚 the 
magnetic quantum number, and 𝜋 the parity. Driven by quadrupole de-
formation evolution, single-particle levels undergo significant restruc-
turing. At ground state, the single-particle level near the Fermi surface 
is 1∕2+2 . With quadrupole deformation evolution in excitation, the 1∕2+2
becomes deeply bound, and the level closest to the Fermi surface be-
comes 1∕2−2 . The similar phenomenon occurs in 11Be [40], which is a 
characteristic feature of Nilsson energy levels under large quadrupole 
deformations. PKO1 exhibits a larger energy gap between the 3∕2−1  and 
1∕2+2  orbitals than PKO2 and PKDD. This energy difference arises from 
enhanced splitting of degenerate spherical orbits under prolate deforma-
tion, significantly influenced by the 𝜋-PV coupling [43]. Ultimately, this 
facilitates 𝑁 = 6 shell closure formation. Shifts in single-particle levels 
and enhanced spin-orbit splitting demonstrate systematic modifications 
to single-particle dynamics by 𝜋-PV coupling in deformed nuclei.

To isolate the role of the tensor force component, we performed 
constrained calculations in the D-RHFB program with Lagrangians 
PKO1 excluding tensor force component of 𝜋-PV contributions from the
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Fig. 3. Figures (a) and (b) are calculated by the D-RHFB model with Lagrangians PKDD, figures (c) and (d) are calculated with the Lagrangians PKO1, while figures 
(e) and (f) show the results of the Lagrangians PKO1 with tensor force component of 𝜋-PV contribution removed from the nucleon self-energy (PKO1 w.o. 𝑉 𝑇

𝜋−𝑃𝑉 ). 
The top row displays the results of ground state, while the bottom row shows excited state. The left half of each sub-figure shows the distribution of the single-particle 
level density along the 𝑧-axis (𝜌𝑧) for the 20Ne, while the right half shows the contour plot of the density distribution (𝜌) of the 20Ne. The tensor force promotes cluster 
dissociation by adjusting the spatial distribution of single-particle orbitals (the 1∕2−2  expands outward).

nucleon self-energy (PKO1 w.o. 𝑉 𝑇
𝜋−𝑃𝑉 ). The resulting single-particle en-

ergy shifts relative to full PKO1 are shown as shaded regions in Fig. 2. 
According to the calculation results of PKO1 without 𝑉 𝑇

𝜋−𝑃𝑉 , the shell 
closure structure of 𝑁 = 6 has weakened, while the value of each single-
particle level returns to a value comparable to those obtained with the 
Lagrangians PKO2 and PKDD. This impact similarly manifests in bind-
ing energies, the binding energy as a function of 𝛽 using PKO1 without 
𝑉 𝑇
𝜋−𝑃𝑉  is represented by the black dashed-dotted line in Fig. 1. The en-
ergy minimum of E.S. appears near 𝛽 ≈ 1.8 for PKO1 without 𝑉 𝑇

𝜋−𝑃𝑉 , 
compared to the minimum near 𝛽 ≈ 2.0 for Lagrangian PKO1. It can be 
found that the tensor force component of 𝜋-PV provides an additional 
attractive effect, which further reduces the energy of 20Ne and allows it 
to remain stable with larger prolate deformation for PKO1.

The differences in the Lagrangians of the models also impact pre-
dictions of the density distributions in 20Ne. Fig. 3 shows the density
distribution along the 𝑧-axis (𝜌𝑧) for the single-particle level 𝑚𝜋𝜈  and the 
contour plots of the total density distributions for 20Ne, where 𝜌𝑧 is de-
fined as 𝜌𝑧 ≡ ∫ 𝑣2𝑖 |𝜓𝜈𝜋𝑚|

2𝑑𝑥𝑑𝑦 with 𝑣2𝑖 (∈ [0, 2]) the occupation number 
of the orbit. Density distributions for PKO1 and PKDD exhibit signifi-
cant accumulations beyond |𝑧| > 3 fm, with integrated densities exceed-
ing the critical 4 fm−3 threshold, suggesting 𝛼-clustering formation. The 
density of PKO1 peaks at 𝑧 ≈ 4.0 fm, while the density of PKDD peaks 
at 𝑧 ≈ 1.5 fm. The cluster-forming regions originate from specific or-
bitals. In the excited state, cluster-forming regions involve 1∕2−1 , 1∕2−2 , 
and 1∕2+2  orbitals, contrasting the ground-state 20Ne configuration (1∕2−1
+ 1∕2+2 ). In particular, the 1∕2−2  orbital (solid blue curve) changes from 
oblate to prolate geometry during the evolution of quadrupole defor-
mation. For all energy functionals employed, this structural change of 
single-particle orbits triggers an abrupt reorganization of the DWS basis 
composition at around 𝛽 = 1.5, manifesting as the discontinuity in the 
𝐸𝑡𝑜𝑡 curve of Fig. 1. These single-particle levels have the characteristic 
of 𝑚 = 1∕2 and are accompanied by parity mixing. This has also been 
confirmed in the 4-𝛼 chain states of 16O, and the reason may be that the 
𝛼 particles are 0+ bosons.

The third column of Fig. 3 illustrates the situation of PKO1 with-
out 𝑉 𝑇

𝜋−𝑃𝑉 . The contour plots of density distribution are similar to La-
grangians PKO1 and PKDD in the ground state. In particular, under large 
prolate deformation, the absence of additional attraction from the ten-
sor force component of 𝜋-PV causes the minimum of 𝐸𝐵 to converge at a 
quadrupole deformation smaller than that of the full PKO1 Lagrangian. 
Furthermore, unlike PKO1 which shows a density peak at 𝑧 ≈ 4 fm, 
PKO1 without 𝑉 𝑇

𝜋−𝑃𝑉  shows a density peak at 𝑧 ≈ 1.5 fm. The results 

Table 2 
The characteristic quantities to describe the nucleon localization 
and clustering in 20Ne, obtained by the D-RHFB calculation with 
Lagrangians PKO1, PKO2, PKO3 and PKDD. For comparison, the 
results with PKO1 but excluding tensor force component of 𝜋-PV 
contributions from the nucleon self-energy (PKO1 w.o. 𝑉 𝑇

𝜋−𝑃𝑉 ) is 
given as well. The criterion values are taken from Ref. [27].

𝐶𝑞𝜎 𝜌∕𝜌max 𝐹 (𝑅𝛼 )∥ 𝐹 (𝑅𝛼 )⊥

PKO1
 E.S.  0.99  1.00  0.78  0.85
 G.S.  0.99  1.00  0.79  0.74

PKO1 w.o. 𝑉 𝑇
𝜋−𝑃𝑉

 E.S.  0.99  0.90  0.76  0.84
 G.S.  0.99  1.00  0.73  0.70

PKO2
 E.S.  0.99  0.93  0.75  0.84
 G.S.  0.99  1.00  0.71  0.65

PKO3
 E.S.  0.99  1.00  0.77  0.84
 G.S.  0.99  1.00  0.78  0.73

PKDD
 E.S.  0.99  0.94  0.76  0.83
 G.S.  0.99  1.00  0.75  0.69

 Criteria [27] > 0.90 > 0.80 > 0.60 > 0.60

obtained with the effective Lagrangian PKO1 show a maximum density 
in the clustering region, indicating that the 𝜋-PV coupling has an effect 
on the compactness of the 𝛼 cluster.

In order to extract the clustering signatures of 20Ne with a superde-
formed prolate, we analyze the wave function of 20Ne using the nu-
cleonic localization function and 𝐹  factor. Table 2 presents the calcu-
lated results of the NLF and 𝐹  factor for Lagrangians PKO𝑖 and PKDD. 
𝐶𝑞𝜎 represents the result of NLF, with 𝐶𝑞𝜎 close to 1 being a necessary 
condition for the existence of an 𝛼 cluster. For 𝐹  factor quantification 
requiring extraction of density maxima, the clustering center positions 
are determined at 𝑧 ≈ 3 fm (ground state) and 𝑧 ≈ 4 fm (excited state), 
corresponding to the respective density peaks, where the radius of 𝛼
cluster (𝑅𝛼) is selected as 1.9 fm. The 𝜌∕𝜌max, 𝐹 (𝑅𝛼)∥, and 𝐹 (𝑅𝛼)⊥ are 
indicators of the compactness of the cluster. The criterion for determin-
ing the existence of 𝛼 cluster is taken from Ref. [27]. Table 2 shows that 
both PKO𝑖 and PKDD Lagrangians indicate the presence of 𝛼 clusters in 
both ground and excited states. In the excited state, the calculated re-
sults of 𝐹 (𝑅𝛼)∥, and 𝐹 (𝑅𝛼)⊥ are larger than those in the ground state, 
implying a faster density drops and enhanced compactness of 𝛼 Clus-
ter. The results for PKO1 are stronger than those for PKO2 and PKDD,
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Fig. 4. The energy functional integral element 𝜀 of Fock terms as a function of 𝑟
distribution (left figure) and the contour plot of the nucleonic localization func-
tion (right figure), both are calculated by the D-RHFB model with Lagrangians 
PKO1. The upper figures represent the ground state of 20Ne, while the lower 
figures represent the excited state. The gray line represents the distribution of 
the energy functional integral element for 𝜋-PV coupling with respect to 𝑟, while 
the red line represents the distribution for the sum of the coupling channels 𝜎, 
𝜔, and 𝜌. The distribution of 𝜀 reveals the strong attractive effect of the 𝜋-PV in 
the 𝛼 cluster region (𝑧 ≈ 4 fm) and the mechanism of its long-range cancellation 
of Coulomb repulsion. The while dash lines indicate the region of 𝐶𝑞𝜎 ≥ 0.9.

suggesting that the 𝜋 -PV coupling enhances the compactness of the clus-
tering. For comparison, Table 2 also includes results for PKO1 without 
𝑉 𝑇
𝜋−𝑃𝑉 . Calculations for PKO1 without 𝑉 𝑇

𝜋−𝑃𝑉  still show the existence of 
𝛼 clustering, but its 𝐹  factor is significantly reduced. This demonstrates 
that the tensor force component of 𝜋-PV coupling enhances the density 
gradient at 𝛼 cluster boundaries, thereby enhancing the compactness of 
𝛼 clusters.

To further extract the impact of pion meson coupling channel on the 
𝛼 cluster, we define the energy functional integral element 𝜀 for each 
coupling channel, satisfying 

𝐸𝐸𝜙 = ∫ 𝜀𝐸𝜙𝑑𝑟, (9)

where 𝜙 represents 𝜎, 𝜔, 𝜋 and 𝜌. Fig. 4 shows the relationship between 
𝜀𝐸𝜙  and 𝑟 for different coupling channels. Note that the value of 𝜀𝐸𝜋  is 
actually negative, which means that 𝜋-PV provides an attractive effect. 
Moreover, since the variation trends of the coupling channels other than 
𝜋 are the same, we combined them with the subscript ’other’ including 
𝜎, 𝜔, and 𝜌.

In Fig. 4 the contour plot of the NLF suggests the existence of 𝛼 clus-
ter in 20Ne in both the ground state and the excited state. Compared with 
density profiles, the localization function generally exhibits greater spa-
tial extent due to the inclusion of the kinetic energy term in its formu-
lation. The nucleonic localization function reveals pronounced localiza-
tion maxima at the outer extremities and over the 𝛼 clusters in 20Ne. At 
excitation energies exceeding the 2-𝛼 decay threshold, NLF calculations 

Table 3 
The percentage of spherical components 𝑙𝑗 in the deformed 
single-particle energy levels 𝑚𝜋𝜈  for both ground state (G.S.) 
and excited state (E.S.) of 20Ne, calculated by the D-RHFB 
model with Lagrangians PKO1. For comparison, the re-
sults with tensor force component of 𝜋-PV contributions 
removed from the nucleon self-energy are given as well.

𝑚𝜋𝜈 𝑙𝑗
 PKO1  PKO1 w.o. 𝑉 𝑇

𝜋−𝑃𝑉

 E.S.  G.S.  E.S.  G.S.

1∕2+1
𝑠1∕2  0.934  0.984  0.963  0.985
𝑑3∕2 +𝑑5∕2  0.058  0.014  0.032  0.014

1∕2+2
𝑠1∕2  0.273  0.188  0.274  0.192
𝑑3∕2 +𝑑5∕2  0.549  0.778  0.574  0.779

1∕2−1
𝑝1∕2 + 𝑝3∕2  0.815  0.961  0.830  0.971
𝑓5∕2 +𝑓7∕2  0.156  0.037  0.146  0.028

1∕2−2
𝑝1∕2 + 𝑝3∕2  0.592  0.993  0.663  0.993
𝑓5∕2 +𝑓7∕2  0.304  0.002  0.263  0.006

3∕2−1
𝑝3∕2  0.950  0.994  0.965  0.992
𝑓5∕2 +𝑓7∕2  0.045  0.005  0.031  0.007

support the existence of an 𝛼-12C-𝛼 cluster structure [20]. In the ground 
state, the distributions of 𝜀𝐸𝜋  and 𝜀𝐸other as a function of 𝑟 are similar, 
whereas in the excited state, they differ significantly. As demonstrated 
in Fig. 4, the 𝜋-PV coupling manifests significantly stronger attractive 
interactions near 𝛼-cluster regions than in the vicinity of the 𝑧 = 0 plane. 
When inter-cluster distances exceed 7 fm, Coulomb repulsion becomes 
the predominant interaction mechanism [68], while the long-range 𝜋-PV 
attraction effectively counteracts this repulsive force. This phenomenon 
elucidates the microscopic mechanism through which 𝜋-PV increases the 
binding energy in systems containing 𝛼 clusters. Comparison of Fig. 3 
(d,f) reveals enhanced cluster formation under the PKO1 functional, 
influenced by the 𝜋-PV coupling. This interaction critically balances 
Coulomb repulsion to maintain a spatial separation between clusters 
and the nuclear core, thereby effectively preventing excessive dissolu-
tion of clusters within the nuclear medium.

The role of pion tensor force is further elucidated via DWS basis anal-
ysis. Table 3 shows the squared amplitudes |𝐶𝜈𝜋𝑚|2 of spherical compo-
nents 𝑙𝑗 in the deformed single-particle levels 𝑚𝜋𝜈  for both ground state 
and excited state. In the ground state, the negative parity state that pro-
vides the clustering density is 1∕2−1 , which is almost entirely composed 
of 𝑝 spin-partner states. When it comes to excited states, the negative 
parity states that contribute to the clustering density are 1∕2−1  and 1∕2−2 . 
For Lagrangians PKO𝑖 and PKDD, 1∕2−1  both have approximately 80% 𝑝
state components and 15% 𝑓 state components, while 1∕2−2  has about 
60% 𝑝 components and 30% 𝑓 components. An angular momentum dif-
ference Δ𝐿 = 2 between the DWS basis in the deformed single-particle 
energy levels leads to an enhancement of the 𝜋-PV coupling [43,44]. The 
tensor force-induced coupling between 𝑝𝑓 orbitals of the spherical DWS 
basis in the single-particle energy levels 1∕2−1  and 1∕2−2  reduces their 
single-particle energies and enhances deformation stability. A similar 
mechanism applies to the 1∕2+2  level, but with orbital coupling shifting 
to 𝑠𝑑 orbitals of the spherical DWS basis. At the same time, due to the 
low population of 𝑓 components in the ground state 1∕2−1  orbit, there is 
no enhancement of the 𝜋-PV coupling observed. This explains how 𝜋-PV 
coupling stabilizes nuclei under large prolate deformations.

In summary, clustering dynamics in prolate-deformed 20Ne are inves-
tigated using the D-RHFB framework with PKO𝑖 and PKDD Lagrangians. 
The D-RHFB model can self-consistently handle tensor forces, deforma-
tion, pairing correlations and continuum effects, offering a useful tool 
for analyzing clustering features likely to emerge under extremely large 
deformation. Combining NLF and 𝐹 -factor analyses, we systematically 
unravel critical role of 𝜋-PV coupling in 𝛼-cluster formation and sta-
bilization of prolate-deformed 20Ne. The tensor force of 𝜋-PV coupling 
exhibits three pivotal mechanisms: (1) It induces 𝑠𝑑 (𝑝𝑓 ) orbital mixing 
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in the canonical single particle levels with positive (negative) parity, en-
larging splittings from degenerate spherical orbits. (2) It alters the shell 
closure structure and increases the stability of the 20Ne in the superde-
formed prolate state. (3) It enhances 𝛼 cluster localization and counter-
acts 𝛼 cluster dissolution through a delicate balance between long-range 
𝜋-PV attraction and Coulomb repulsion. This study reveals the effects of 
the tensor force on nuclear structure and clustering in light nuclei, of-
fering insights into the understanding of quantum phase transition in 
nuclear many-body systems.

Notably, while the current study provides critical insight into the ef-
fects of tensor force on clustering in the 𝛼 + 12C + 𝛼 configuration, our 
D-RHFB framework remains limited by the omission of beyond-mean-
field corrections [20,69]. Considering correlations beyond the mean 
field may further reduce the energy of the 20Ne nucleus in the superde-
formed prolate state and narrow the gap between its energy and the 
2-𝛼 threshold. Future efforts could prioritize integrating collective cor-
relation mechanisms to refine excitation energy calculations and en-
hance agreement with experimental data. Furthermore, the present RHF 
framework is restricted to axially symmetric shapes, which precludes in-
vestigations of octupole-deformed systems [63]. In octupole-deformed 
systems, the tensor force may be investigated for its role in clustering 
phenomena, such as in the 𝛼 + 16O configuration. The expansion of re-
search scope will deepen our understanding of clustering mechanisms 
driven by nuclear in-medium force and their interplay with nuclear de-
formation.
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