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Abstract. Comparing with a wide range of covariant energy density functional models based on the finite-range meson-exchange
representation, the relativistic mean-field models with the zero-range contact interaction, namely the relativistic point-coupling
models, are still infrequent to be utilized in establishing nuclear equation of state (EoS) and investigating neutron star properties,
although comprehensive applications and achievements of them in describing many nuclear properties both in ground and exited
states are mature. In this work, the EoS of neutron star matter is established constructively in the framework of the relativistic
point-coupling models to study neutron star physics. Taking two selected functionals DD-PC1 and PC-PK1 as examples, nuclear
symmetry energies and several neutron star properties including proton fractions, mass-radius relations, the core-crust transition
density, the fraction of crustal moment of inertia and dimensionless tidal deformabilities are discussed. A suppression of pressure
of neutron star matter found in the functional PC-PK1 at high densities results in the difficulty of its prediction when approaching
to the maximum mass of neutron stars. In addition, the divergences between two selected functionals in describing neutron star
quantities mentioned above are still large, ascribing to the less constrained behavior of these functionals at high densities. Then
it is expected that the constraints on the dense matter EoS from precise and massive modern astronomical observations, such as
the tidal-deformabilities taken from gravitational-wave events, would be essential to improve the parameterizing of the relativistic
point-coupling models.

Introduction

Multi-messenger observations of a binary neutron star merger, historically first convinced by the gravitational wave
event GW170817 [1] together with its associated electromagnetic counterpart [2], offer a new and unique probe
for studying the nature of dense matter. From the observational data, several works have been carried out to infer
constraints on a set of bulk neutron star properties such as the maximum mass, radii, and tidal deformabilities [3, 4, 5,
6], and subsequently constraint on the dense matter equation of state (EoS) [6, 7, 8]. It is suggested that the parameter
space of the EoS of dense matter could be sufficiently reduced by combined constraints from both terrestrial nuclear
experiments and observations of neutron stars [9]. A variety of realistic EoS models, although reproducing accurately
the bulk properties of finite nuclei and supporting neutron stars of two solar masses as well, are ruled out as a dense
matter EoS with extrapolation after considering the tidal-deformability constraint from the gravitational-wave data.

Nuclear energy density functional (EDF) theory [10], represented in nonrelativistic [11] or relativistic framework
[12, 13], has played an essential role in the self-consistent description of nuclei. With a few parameters, the achieve-
ments of EDF theory have been realized all over the nuclide chart. Particularly for the relativistic ones, a number of
attractive features are illustrated, such as a natural treatment of the spin-orbit coupling, the origin of the empirical
existence of approximate pseudospin symmetry in the nuclear single-particle spectra [14, 15], and a natural saturation
mechanism of nuclear matter resulting from competition of various nucleon self-energies.

In recent decades, significant progresses in developing the covariant energy density functional (CDF) approaches
have been made with the improved numerical techniques. Among them, the most developed and widely used version
is the relativistic mean-field (RMF) approach based on the finite-range meson-exchange representation, according to
the difference in treating medium dependence of effective mean-field interactions which introduces nonlinear RMF
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(NL-RMF) [16] or density dependent RMF (DD-RMF) [17] models. Moreover, the CDF approach with Fock (ex-
change) terms was also developed in terms of the density dependent meson-nucleon coupling, namely the density
dependent relativistic Hartree-Fock (DD-RHF) theory [18, 19], by achieving self-consistent treatments of both the
nuclear tensor and spin-orbit interactions [20, 21, 22]. In addition to excellent descriptions of finite nuclei, these CDF
models have been widely used for studying the neutron star properties and the relevant quantities of nuclear matter
such as symmetry energy and superfluidity [23, 24, 25, 26, 27, 28, 29, 30, 31].

Evoking by the ease of use to study the effects beyond the mean field for nuclear low-lying collective excited
states, as an alternative version, the RMF models with point-coupling interaction (PC-RMF) were proposed in which
the zero-range contact interaction is used instead of the meson exchange, which is also called the relativistic point-
coupling models. The medium effects can be taken into account by including higher-order (nonlinear coupling) inter-
action terms [32, 33, 34] or by assuming a density dependence of strength parameters for the coupling interactions
[35, 36]. Recently, the density functional PC-PK1 has been proposed by fitting to observables of 60 selected spherical
nuclei, including the binding energies, charge radii, and empirical pairing gaps [34]. This density functional particu-
larly improves the description for isospin dependence of binding energies and is known to be among the most accurate
density functional for the global description of nuclear masses [37]. As a result, it has been widely used in describ-
ing many nuclear properties, such as the Coulomb displacement energies between mirror nuclei [38], fission barriers
[39], nuclear quadrupole moments [40], nuclear low-lying spectrum [41], nuclear magnetic and antimagnetic rotations
[42, 43, 44], and nuclear multiple chirality [45], etc.

In the past, a wide range of CDF models have been used to establish nuclear equation of state and investigate
neutron star properties. Under the finite-range meson-exchange representation, most of them adopt the mean-field
approximation of meson fields, and a few of them take into account extra contributions from the exchange terms [26,
28, 29, 31, 46, 47, 48, 49]. However, it is still infrequent in literature that the PC-RMF model which adopts the zero-
range contact interaction is utilized maturely to investigate neutron star physics, as compared to its comprehensive
application in describing the structure of finite nuclei. The possible reason may comes from the uncertainty of its EoS
at high densities. Thus, in this work as a constructive study, the EoS behavior of neutron star matter arising from the
PC-RMF model and the applicability of several selected effective interactions (functionals) to neutron star physics
will be discussed.

The RMF model with point-coupling interaction for nuclear matter

In this section, two kinds of commonly-used PC-RMF model, namely with the nonlinear coupling terms and with a
density dependence of strength parameters, will be briefly recalled for nuclear matter, which is then utilized to study
various properties of neutron stars. For more details of the formulism, we refer the reader to Refs. [25, 34, 36]. The
PC-RMF model is defined by a Lagrangian density that consists of only nucleon fields ψ. For nonlinear PC-RMF
versions, it is denoted as

LNLPC = Lfree +L4f +Lhot +Lder, (1)

Lfree = ψ̄(iγμ∂
μ − M)ψ, (2)

L4f = −1

2
αS (ψ̄ψ)(ψ̄ψ) − 1

2
αV (ψ̄γμψ)(ψ̄γμψ) − 1

2
αTS (ψ̄�τψ)(ψ̄�τψ) − 1

2
αTV (ψ̄�τγμψ)(ψ̄�τγμψ), (3)

Lhot = −1

3
βS (ψ̄ψ)3 − 1

4
γS (ψ̄ψ)4 − 1

4
γV [(ψ̄γμψ)(ψ̄γμψ)]2 − 1

4
γTV [(ψ̄�τγμψ)(ψ̄�τγμψ)]2, (4)

Lder = −1

2
δS (∂νψ̄ψ)(∂νψ̄ψ) − 1

2
δV (∂νψ̄γμψ)(∂νψ̄γμψ)

−1

2
δTS (∂νψ̄�τψ)(∂νψ̄�τψ) − 1

2
δTV (∂νψ̄�τγμψ)(∂νψ̄�τγμψ). (5)

In the above, Lfree represents the kinetic term of nucleons and L4f is the four-fermion interactions. The higher-order
terms involving more than four fermions are introduced in Lhot, reflecting the effects of medium dependence. Lder

describes derivatives in the nucleon fields, which has no contribution in the translationally invariant infinite nuclear
matter. The subscripts for the coupling constants in the Lagrangian density, namely, αS , αV , αTS , αTV , βS , γS , γV ,
γTV , δS , δV , δTS , and δTV , denote the tensor structure of a coupling with S , V , and T standing for scalar, vector,
and isovector, respectively [32, 33, 34]. Following the standard procedure of the PC-RMF model, the mean-field
approximation is adopted which leads to the replacement of the operators ψ̄Ôψ (O ∈ {1, γμ,�τ,�τγμ}) by their expectation
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values, being bilinear forms of the nucleon Dirac spinor. Moreover, the contributions from the negative energy states
in the Dirac sea are neglected, i.e., the “no-sea” approximation. For nuclear matter, then the energy density ε and the
pressure P derived from the energy-momentum tensor in the nonlinear point-coupling RMF model are given by

ε = ε n
kin + ε

p
kin
− 1

2
αS ρ

2
s −

1

2
αTS ρ

2
s3 +

1

2
αVρ

2 +
1

2
αTVρ

2
3 −

2

3
βS ρ

3
s −

3

4
γS ρ

4
s +

1

4
γVρ

4 +
1

4
γTVρ

4
3, (6)

P = P n
kin + P p

kin
+

1

2
αS ρ

2
s +

1

2
αTS ρ

2
s3 +

1

2
αVρ

2 +
1

2
αTVρ

2
3 +

2

3
βS ρ

3
s +

3

4
γS ρ

4
s +

3

4
γVρ

4 +
3

4
γTVρ

4
3. (7)

In practical application of the nonlinear point-coupling model, the widely used nonlinear PC-RMF functionals include
PC-LA [32] and PC-F1 [33]. Recently, a new parameter sets PC-PK1 [34] is proposed. In particular, PC-PK1 provides
a good description for the isospin dependence of binding energy along either the isotopic or the isotonic chain, which
makes it reliable for application in exotic nuclei. In this work, we just take the functional PC-PK1 as an example to
study neutron star physics within the nonlinear PC-RMF model.

As an alternative version, the density-dependent PC-RMF model introduces a density dependence in the strength
parameters of coupling interactions. Its Lagrangian density can be written as

LDDPC = Lfree +L4f +Lder, (8)

Lfree = ψ̄(iγμ∂
μ − M)ψ, (9)

L4f = −1

2
GS (ρ)(ψ̄ψ)(ψ̄ψ) − 1

2
GV (ρ)(ψ̄γμψ)(ψ̄γμψ)

−1

2
GTS (ρ)(ψ̄�τψ)(ψ̄�τψ) − 1

2
GTV (ρ)(ψ̄�τγμψ)(ψ̄�τγμψ), (10)

Lder = −1

2
DS (ρ)(∂νψ̄ψ)(∂νψ̄ψ). (11)

In the above, Lfree denotes the kinetic term of the nucleons, L4f is the four-fermion interactions, and Lder represents
derivatives in the nucleon scalar densities. Unlike the nonlinear point-coupling model, the density-dependent one
used here includes only second-order interaction terms with density-dependent couplings Gi(ρ) and Di(ρ) that are
determined from finite-density QCD sum rules and in-medium chiral perturbation theory [35]. Following the standard
procedure, the energy density ε and the pressure P for nuclear matter are then derived from the energy-momentum
tensor and represented as

ε = ε n
kin + ε

p
kin
− 1

2
GS ρ

2
s −

1

2
GTS ρ

2
s3 +

1

2
GVρ

2 +
1

2
GTVρ

2
3, (12)

P = P n
kin + P p

kin
+

1

2
GS ρ

2
s +

1

2
GTS ρ

2
s3 +

1

2
GVρ

2 +
1

2
GTVρ

2
3

+
1

2

∂GS

∂ρ
ρ2

sρ +
1

2

∂GTS

∂ρ
ρ2

s3ρ +
1

2

∂GV

∂ρ
ρ3 +

1

2

∂GTV

∂ρ
ρ2

3ρ. (13)

To guarantee the thermodynamic self-consistency and the energy-momentum conservation, the rearrangement contri-
bution, resulting from the variation of the vertex functionals with respect to the baryon density, is included in Eq. 13
of the pressure P additionally. In this work, we just select DD-PC1 [36] as the functional of the density-dependent
PC-RMF model, which was proposed from the EoS of nuclear matter and the masses of 64 axially deformed nuclei in
the mass regions A � 150 − 180 and A � 230 − 250.

To study asymmetric nuclear matter and neutron star matter, it is helpful to introduce several quantities which
can describe the dependence of the equation of state on density or isospin asymmetry. The EoS of asymmetric nuclear
matter at zero temperature is defined by its binding energy per nucleon E(ρ, δ), where ρ = ρn + ρp denotes the baryon
density, and δ ≡ (ρn − ρp)/(ρn + ρp) is the isospin asymmetry with ρn/p the neutron/proton density. Conventionally,
due to the difficulty of analytical extraction, the various order of nuclear symmetry energies can be approximately
extracted by expanding the zero-temperature EoS in a Taylor series with respect to the δ. Within this approximation,
the EoS is then expressed as

E(ρ, δ) = E0(ρ) + S 2(ρ)δ2 + S 4(ρ)δ4 + · · · , (14)

where E0(ρ) = E(ρ, δ = 0) denotes the EoS of symmetric nuclear matter, and the coefficients S 2(ρ) and S 4(ρ) give
the density-dependent second-order and fourth-order symmetry energy, respectively. Here the odd-order terms of the
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expansion are discarded due to the assumption of the charge-independence of nuclear force and the neglecting of the
Coulomb interaction in infinite nuclear matter. The density slope parameter L is used to reflect the density dependence
of S 2(ρ) at saturation density ρ0, which is defined as

L = 3ρ0

∂S 2(ρ)

∂ρ

∣∣∣∣∣∣
ρ=ρ0

. (15)

In Fig. 1 the baryon density dependence of nuclear symmetry energy S 2(ρ) is plotted with two PC-RMF func-
tionals DD-PC1 [36] and PC-PK1 [34]. For a brief comparison, the results from six featured CDF functionals with
meson-exchange representation are also calculated, namely, the DD-RHF ones PKA1 [19] and PKO1 [18], the DD-
RMF ones PKDD [50] and TW99 [51], and the NL-RMF ones FSUGold [52] and PK1 [50]. Two PC-RMF functionals
DD-PC1 and PC-PK1 generate clear difference of S 2(ρ) at suprasaturation densities. The divergence can be found at
saturation density as well, as seen in Table 1, which is mainly associated with the difference of the potential part
S 2,pot. For the definition of the kinetic contribution to the energy densities εkin in PC-RMF models, which contributes
to S 2,kin and S 4,kin, we follow that in Ref. [25]. It should be noticed that such a definition could be different in the CDF
approaches with meson-exchange representation, e.g. see Ref. [26].

0.0 0.2 0.4 0.6 0.8 1.0
0

40

80

120

160

 PKA1
 PKO1
 PKDD
 TW99
 FSUGold
 PK1
 DD-PC1
 PC-PK1

ρ  (fm-3)

 
S 2 (ρ

)  
(M

eV
)

FIGURE 1. The nuclear symmetry energy S 2(ρ) as a function of the baryon density ρ. The results are given by PC-RMF functionals
DD-PC1 and PC-PK1, in comparison with those within the finite-range meson-exchange CDF models.

TABLE 1. Bulk properties of symmetric nuclear matter at saturation density ρ0 (in units of fm−3), i.e., the
symmetry energy S 2(ρ0), and the fourth-order symmetry energy S 4(ρ0) (in units of MeV). S 2,pot (or S 4,pot)
and S 2,kin (or S 4,kin) correspond to the potential part and the kinetic part of S 2(ρ0) (or S 4(ρ0)), respectively.
The results are calculated by using the PC-RMF functionals DD-PC1 and PC-PK1.

ρ0 S 2(ρ0) S 2,pot S 2,kin S 4(ρ0) S 4,pot S 4,kin

DD-PC1 0.152 33.01 4.44 28.57 0.65 -0.17 0.82
PC-PK1 0.153 35.61 7.78 27.83 0.65 -0.14 0.79

Neutron star properties within PC-RMF models

In this work a neutron star will be represented as the β-stable nuclear matter system, which consists of nucleons
(neutrons and protons) and leptons λ (mainly e− and μ−). The inclusion of extra degrees of freedom beyond nucleons,
e.g., hyperons, mesons, and quarks, will not be discussed. With the inclusion of leptons, one should impose the β-
equilibrium, baryon density conservation, and charge neutrality conditions so as to obtain the nucleon(lepton) fractions
and then the EoS of neutron star matter for a given baryon density and isospin asymmetry. From these restrictions, it
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has been proved [53, 31] that the proton fraction Yp ≡ ρp/(ρn + ρp) can be expressed as

Yp(ρ) =
1

3π2ρ

∑
λ

⎧⎪⎪⎨⎪⎪⎩
[
2
∂E(ρ, δ)

∂δ

]2

− m2
λ

⎫⎪⎪⎬⎪⎪⎭
3/2

, (16)

which provides a convenient treatment to determine the isospin asymmetry δ and construct the EoS of neutron star
matter. In Fig. 2, the proton fractions Yp in neutron star matter given by the selected CDF functionals are plotted as a
function of baryon density. Within PC-RMF calculations, a stronger density dependence of the proton fraction Yp is
obtained by PC-PK1 than DD-PC1, which can be well associated with the behavior of the symmetry energy shown in
Fig. 1. As has been illustrated in many literatures, e.g. in Ref. [26], the stronger the density dependence of symmetry
energy is, the more difficult it becomes for the system to become asymmetric and the easier it is for neutrons to
decay into protons and electrons, which results in smaller neutron abundance and larger proton, electron, and muon
abundances in neutron stars.

0.0 0.2 0.4 0.6 0.8 1.0
0%

5%

10%

15%

20%

25%

30%

 DD-PC1    TW99
 PC-PK1    FSUGold

 Y p

ρ  (fm-3)

 Direct Urca

FIGURE 2. Proton fractions Yp = ρp/(ρn + ρp) in neutron star matter. The results are calculated by PC-RMF functionals DD-PC1
and PC-PK1, in comparison with those using DD-RMF functional TW99 and NL-RMF one FSUGold. The dotted line (Yp = 14.8%)
represents the threshold for the occurrence of the DUrca process by assuming muons in the massless limit.

The model dependence of the proton fraction at high densities affects theoretical prediction of the cooling mech-
anism of neutron stars sensitively, among which the occurrence of the DUrca process is mostly discussed [54, 55].
The cooling rate of neutron stars could be enhanced significantly via the DUrca process, i.e. n → p + e− + ν̄e and
p+ e− → n+ νe, leading the star to cool off rapidly by emitting the thermal neutrinos. From modern observational soft
X-ray data of cooling neutron stars associated with popular synthesis model analyses, it is suggested that an accept-
able EoS would not allow the DUrca process to occur in canonical neutron stars with 1.4 M� [56], indicating the strict
constraints on the proton fraction of neutron star matter at high densities. By assuming muons in the massless limit,
the threshold for the occurrence of the DUrca process is denoted as Yp = 14.8%. Thus, it is extracted from Fig. 2 that
PC-PK1 predicts a explicitly small baryon density ρDU � 0.25 fm−3 for the DUrca process occurring in the center of
neutron stars, which corresponds to a fairly low star mass 1.06 M�. For the NL-RMF functional FSUGold, the DUrca
process will occur when the mass is larger than 1.49 M� and central density ρ � 0.58 fm−3, while the values of Yp
given by TW99 and DD-PC1 do not support the onset of DUrca process at all.

The variation of the pressure with respect to density is crucial to understand the structure of neutron stars. A
stronger density dependence of the pressure at high densities would lead to a larger value of the maximum mass for
neutron stars that can be sustained against collapse. Figure 3 shows the pressures of neutron star matter calculated by
PC-RMF functionals as a function of the baryon density. DD-PC1 shows a trend that the pressure increases mono-
tonically with the density, while the pressure given by PC-PK1 rises first at low densities and then drops down after
reaching the maximum value at ρ = 0.68 fm−3. A negative pressure at high densities may lead to problem when
looking for maximum mass limits of neutron stars, since the allowed EoS should be consistent with the observational
constraint provided by the existence of 2 M� neutron stars [57]. After checking the contribution from each term given
in Eq. 7, it is seen for PC-PK1 the suppression of pressure is mainly ascribed to γV relevant term, which is always
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FIGURE 3. The pressure of neutron star matter as a function of the baryon density ρ. The results are calculated by PC-RMF
functionals DD-PC1 (solid line) and PC-PK1 (dashed line). For PC-PK1, the contribution from γV relevant term and the residual
ones are plotted as well, see Eq. 7 for details.

negative and goes down with increasing density. The similar case is found in nonlinear PC-RMF functionals PC-LA
[32] and PC-F1 [33] as well.

To investigate the structure of neutron stars, it is also important to include the physics of crust region. In this
work, the EoSs of neutron star matter under β-equilibrium given above are used at high densities (neutron star core
region), in combination with the BPS [58] and BBP [59] EoS at low densities (neutron star crust region). The EoS of
neutron star core and crust is matched by the core-crust transition pressure, which will be discussed later in the next
section. The structure of a static, spherically symmetric neutron star is then obtained by solving the stellar hydrostatic
equilibrium equations, namely the Tolman-Oppenheimer-Volkov (TOV) equations [60, 61]. By taking c = G = 1, the
TOV equations become

dP
dr

= − [P(r) + ε(r)][M(r) + 4πr3P(r)]

r[r − 2M(r)]
, (17)

dM
dr

= 4πr2ε(r), (18)

where P(r) is the pressure of the star at radius r, and M(r) defines the total star mass inside a sphere of radius r. For a
given EoS, the TOV equation has the unique solution that depends on a single parameter characterizing the conditions
of matter at the center, such as the central density ρ(0) or the central pressure P(0).

Using the EoSs of the selected CDF functionals, the masses and radii of neutron stars are drawn in Fig. 4. Because
of the suppressed behavior of pressure at high densities, the mass-radius curve for PC-RMF functional PC-PK1 stops
at the mass 2.30 M� which corresponds to the central density ρ = 0.68 fm−3 of neutron stars, and can not reach the
maximum mass limits. Nevertheless, the existence of 2 M� neutron stars is permitted by these CDF EoSs except NL-
RMF one FSUGold. In addition, it is revealed that PC-RMF functional DD-PC1 predicts smaller radius for a canonical
1.4 M� neutron star than others. Recently, many efforts to constrain the neutron star radius have been performed from
either observations or theoretical predictions. For example, based on the observations of both transiently accreting and
bursting sources, the radius R1.4 of a 1.4 M� neutron star is proposed to lie between 10.4 and 12.9 km, independent
of assumptions about the composition of the core [62]. While from the tidal deformability inferred from GW170817,
the value is limited to be lower than 13.76 km [63], or locates in the range of 11.82 � R1.4 � 13.72 km [8]. By using
chiral effective field theory methods, the constraints of 9.7 � R1.4 � 13.9 km [64] or 10.36 � R1.4 � 12.87 km [65]
are also obtained. From Fig. 4, it is seen that the predictions of R1.4 by the functionals DD-PC1, TW99 and FSUGold
are consistent with these constraints, ascribing mainly to their relatively soft density dependence of symmetry energy
at the baryon density about ρ0 ∼ 3ρ0.
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FIGURE 4. Mass-radius relations of neutron stars calculated by the selected CDF EoSs. The corresponding maximum masses are
marked by filled star symbols.

Core-crust transition density of neutron stars

The core-crust interface of neutron stars, with the phase transition between nuclei and uniform matter, can be decided
by study the instability of matter in neutron stars [66, 67]. Both dynamical and thermodynamical methods could be
used to determine the stability of the uniform ground state against cluster formation [68, 69, 70, 71, 72, 73, 31].
Here the thermodynamical method is utilized to determine the core-crust transition density ρt which separates the
liquid core from the inner crust in neutron stars. It has been compared that the dynamical method predicts a slightly
smaller transition density, about 0.005 ∼ 0.015 fm−3 lower, than the thermodynamical calculation [70]. In addition,
the detailed structure of core-crust transition layers, such as the pasta phases, can be described further by using the
CDF approach together with the Thomas-Fermi approximation [74, 75].

In the thermodynamical method, the stability of uniform matter is required to obey the intrinsic stability condition
of any single phase, namely,

−
(
∂P
∂v

)
μnp

> 0, −
(
∂μnp

∂qc

)
v
> 0. (19)

where P is the total pressure of neutron star matter, v = 1/ρ denotes the average volume per baryon, μnp = μn − μp
represents the difference between neutron and proton chemical potentials, and qc corresponds to the average charge
per baryon. Here the finite size effects due to surface and Coulomb energies of nuclei are ignored. In addition, by intro-
ducing a density dependent thermodynamical potential Vther(ρ), the stability condition of Eq. (19) can be equivalently

TABLE 2. The core-crust transition density ρt (in units of fm−3), and the corresponding values of the proton
fraction Yp and pressure Pt (in units of MeV fm−3) at ρt in neutron stars, as well as the density slope of symmetry
energy L (in units of MeV) with the various CDF functionals.

Interaction ρt Yp Pt L Ref.

DD-RHF PKA1 0.0550 0.0235 0.2567 103.5 [19]
PKO1 0.0634 0.0219 0.3023 97.7 [18]

DD-RMF PKDD 0.0755 0.0332 0.6142 90.2 [50]
TW99 0.0851 0.0367 0.5243 55.3 [51]

NL-RMF FSUGold 0.0815 0.0373 0.4868 60.5 [52]
PK1 0.0693 0.0252 0.5070 115.9 [50]

PC-RMF DD-PC1 0.0794 0.0294 0.4850 70.1 [36]
PC-PK1 0.0629 0.0167 0.3184 112.9 [34]
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FIGURE 5. Chemical instability boundaries shown in the ρn ∼ ρp plane using the various CDF functionals at zero temperature.
ρn vs. ρp for neutron star matter are shown as the solid (red) and dash (blue) line. The core-crust transition density from the
thermodynamical method are indicated with the filled dot (red) and square (blue).

expressed as:

Vther(ρ) ≡ 2ρ
∂E(ρ, δ)

∂ρ
+ ρ2 ∂

2E(ρ, δ)

∂ρ2
−

[
ρ
∂2E(ρ, δ)

∂ρ∂δ

]2 /
∂2E(ρ, δ)

∂δ2
> 0, (20)

subsequently the threshold with Vther(ρt) = 0 determine the critical density ρt for the core-crust transition. To solve
this equation, it is convenient to plot lines which satisfy Vther = 0 in the ρn ∼ ρp plane so as to separate chemically
unstable and stable regions, as shown in Fig. 5. Their intersection points to the curves ρp/ρn for β-equilibrium neutron
star matter then give the values of ρt for various CDF functionals. In Table 2, we summarize the values of several
quantities relevant for the core-crust transition. It is suggested from various theoretical models that a good anti-
correlation between the transition density ρt and the symmetry energy slope L exists [68, 69, 70, 76, 31], which is still
fulfilled by the PC-RMF functionals selected here.

Fraction of crustal moment of inertia of neutron stars

The moments of inertia, reflecting mass distribution in neutron stars interior, provides a powerful probe of their
internal structure. It is suggested that the measured moment of inertia, such as from spin-orbit coupling in double
pulsar systems [77, 78], would delimit EoS significantly [79] and be used to distinguish neutron stars from quark stars
[80]. Besides, the moment of inertia that resides in the crust of neutron stars plays an important role in understanding
the mechanism of pulsar glitches. Several theoretical efforts devoted [81, 82, 83] and were compared to the glitch
activities of Vela pulsar [84], in order to constrain the fraction of crustal moment of inertia, although uncertainties
still exist such as in the calculation of entrainment of superfluid neutrons in the crust [82, 83, 85, 86]. From our recent
work within CDF theory, it is seen that the crustal moment of inertia could be taken as a more sensitive probe of the
neutron-star matter EoS rather than the total one [87].
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Based on the slowly rotating assumptions, the moment of inertia of neutron stars are defined according to the
general relativity [88, 67]

dI
dr
= −2c2

3G
r3ω(r)

d j(r)

dr
, (21)

where j(r) = e−(v(r)+λ(r))/2, with the metric functions ν(r) and λ(r) satisfying

dv(r)

dr
= 2G

M(r) + 4πr3 p(r)/c2

r(r − 2GM(r)/c2)
, (22)

e−λ(r) = 1 − 2GM(r)

rc2
. (23)

The rotational drag ω(r) can be solved from the equation

d
dr

(r4 j(r)
dω(r)

dr
) = −4r3ω(r)

d j(r)

dr
, (24)

with the boundary conditions required by the continuity at the stellar surface

ω(R) = 1 − 2GI
R3c2

, j(R) = 1. (25)

Starting from a constant trial value of ω and dω/dr = 0 at r = 0, the stellar profile of (crustal) moment of inertia can
therefore be numerically obtained by solving the equations above iteratively together with the TOV equations.

In Fig. 6, the stellar mass dependence of the fraction of crustal moment of inertia ΔI/I is depicted with the
selected CDF functionals. It is shown in all results that ΔI/I decreases monotonically as the stellar mass increases
until the maximum mass. For neutron stars with M � 1.35 M�, PC-RMF functional DD-PC1 gives the smallest values
of ΔI/I among the selected CDF ones, which is mainly attributed to the relatively small star radius predicted by DD-
PC1. A better comprehension could be got by using the approximated expression of the ratio, which is suggested by
[67]

ΔI
I
� 8πPtR4

3GM2

[
MR2

I
− 2β

]
e−4.8ΔR/R. (26)

Therefore, it is seen that ΔI/I is mainly dominated by the core-crust transition pressure Pt at the density ρt and the
radius R of neutron star as well. Correspondingly, both the core-crust transition properties at subsaturation density and
the density dependent behavior of EoS at high densities play the role in determining ΔI/I.
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Tidal deformabilities of neutron stars

The dimensionless tidal deformability Λ� quantifies the degree of quadrupole deformation of a neutron star due to
the tidal field induced by its companion, which can be described as

Λ� =
2

3
k2

(
c2R
GM

)5

, (27)

where k2 is the second Love number [90, 91]. It is clear that the value of Λ� is essentially sensitive to the compactness
parameter GM/c2R, corresponding sensitive to the nature of the dense matter EoS. In Fig. 7, the dimensionless tidal
deformability is represented as a function of the neutron star mass, using the PC-RMF functionals DD-PC1 and PC-
PK1 as compared to the other CDF ones. The values of Λ� decrease systematically with increasing stellar mass, but
show a sizable spread across the selected models. In a wide range of stellar mass, DD-PC1 predicts the smallest values
of Λ�, which are consistent with the relatively small value of stellar radii as has been discussed for Fig. 4.

Recently, the analysis of GW170817 data by LIGO-Virgo Collaboration set an upper bound on the dimensionless
tidal deformability of a 1.4 M� neutron star, i.e., Λ1.4

� � 800 with 90% confidence [1]. After that, a plot of Λ1.4
� with

respect to the corresponding stellar radius or compactness parameter is investigated explosively by many authors using
a more diverse set of models for the nuclear EoS, such as in Ref. [63, 92, 8], and a strong correlation between these
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FIGURE 7. The dimensionless tidal deformability Λ� of neutron stars as a function of stellar mass (in unit of the solar mass).
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� of a 1.4 M� neutron star as a function of the corresponding stellar radius.

The limit Λ1.4
� � 800 is deduced from GW170817 data [1].
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quantities is claimed, accordingly which can be used to constrain the EoS and the symmetry energy at high densities.
In Fig. 8, the similar pattern is also recognized within the selected CDF functionals including PC-RMF ones. Those
with relatively strong density dependence of the symmetry energy (shown in Fig.1), namely, PKA1, PKO1, PK1
and PC-PK1, are ruled out by the constraint Λ1.4

� � 800. For PC-RMF models, there exists an enormous disparity

between DD-PC1 and PC-PK1 in predicting the value of Λ1.4
� . The stringent constraint on Λ� from observational

data of gravitational wave event or from microscopic modeling of dense matter EoS [65] then makes sense to reduce
uncertainty of the dense matter EoS and improving the parameterizing of the PC-RMF models.

Summary

In this work, the applicability of the relativistic point-coupling models to establish the EoS of neutron star matter and
to investigate various neutron star properties has been discussed. The analysis has been done by two selected PC-
RMF functionals DD-PC1 and PC-PK1, which correspond to density-dependent and nonlinear types, respectively. In
PC-PK1, the predicted pressure of neutron star matter drops down at high densities due to the negative contribution
from γV relevant term, leading to the difficulty of neutron stars approaching to the maximum mass limit. In addition,
the divergences between the selected functionals in describing neutron star quantities, such as proton fractions, mass-
radius relations, the fraction of crustal moment of inertia and dimensionless tidal deformabilities, are still remarkable,
owing to the less constrained behavior of these functionals at high densities. To improve further the description of
neutron star physics within the relativistic point-coupling models, it is then suggested that the constraints on the dense
matter EoS from modern astronomical observations, such as the tidal-deformabilities taken from gravitational-wave
events, should be taken into account during the parameterizing procedure of models.
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